Abstract. The fundamental group of Fermat and generalized Fermat curves is computed. These curves are Galois ramified covers of the projective line with abelian Galois groups H. We provide a unified study of the action of both cover Galois group H and the absolute Galois group Gal(Q/Q) on the pro-ℓ homology of the curves in study. Also the relation to the pro-ℓ Burau representation is investigated.
Introduction
In [12] we have studied the actions of the braid group and of the absolute Galois group on a cyclic cover of the projective line. In that article we have exploited the fact that in a ramified cover X → P 1 of the projective line when the ramified points are removed, then we obtain an open cover X 0 → P 1 − {P 1 , . . . , P s } = X s of the projective line minus the ramified points. By covering space theory the open curve X 0 can be described as a quotient of the universal covering spaceX s by the fundamental group of the open curve π 1 (X 0 , x ′ 0 ) < π 1 (X s , x 0 ) = F s−1 , where F s−1 is the free group in s − 1 generators. Also the group π 1 (X 0 , x ′ 0 ) can be described as a subgroup of F s−1 by using the Reidemeister-Screier technique, see [12, sec. 3] .
Y. Ihara in [10] , [9] observed that if we pass to the pro-ℓ completions of the fundamental groups of the above curves, then the the absolute Galois group Gal(Q/Q) can be realized as a group of automorphisms of F s−1 and it can also act on certain subgroups F s−1 , corresponding to topological covers of X s . The fundamental group of X s admits the presentation π 1 (X s .x 0 ) = x 1 , . . . , x s |x 1 x 2 · · · x s = 1 .
In this way we can unify the study of both Braid group and the absolute Galois group on (co)homology spaces of cyclic curves. In [12, thm. 1] the fundamental group R ℓ k of the open cyclic cover Y n of the projective line minus s-points is computed to be equal to
In this article we continue this study by focusing on the case of certain abelian coverings of the projective line. Theorem 1. Let α, β be the generators of the group H 0 = Z/nZ × Z/nZ. Also for an element x ∈ F s−1 we will denote by x α (resp. x β ) the element x α = axa Finally, let X F be the corresponding closed curve, and K a field which contains the n-different n-th roots of 1, then
where χ i,j is the character of H 0 such that χ i,j (α ν , β µ ) = ζ iν+jµ n .
The generalized Fermat curves plays the role of Fermat curve in the more general setting of abelian coverings of the projective line, minus more that three points removed. Their automorphism group was recently studied by R. Hidalgo, M. LeytonAlvarez and the authors in [7] .
A generalized Fermat curve of type (k, s − 1), where k, s − 1 ≥ 2 are integers, is a non-singular irreducible projective algebraic curve F k,s−1 defined over K admitting a group of automorphisms H ∼ = (Z/kZ) s−1 so that F k,s−1 /H is the projective line with exactly s branch points, each one of order k. Such a group H is called a generalized Fermat group of type (k, s − 1). Let us consider a branched regular covering π : F k,s−1 → P 1 , whose deck group is H. By composing by a suitable Möbius transformation (that is, an element of PSL 2 (K)) at the left of π, we may assume that the branch values of π are given by the points ∞, 0, 1, λ 1 , . . . , λ s−3 , where λ i ∈ K − {0, 1} are pairwise different.
A generalized Fermat curve of type (k, s − 1) can be seen as a complete intersection in a projective space P s−1 , defined by the following set of equations Observe that topologically the construction of generalized Fermat curves does not depend on the configuration of the ramification points. On the other hand the Riemann surface/algebraic curve structure depends heavily on this configuration. For instance the automorphism group depends on the configuration of these points, see [7] . The genus of F k,n can be computed using the Riemann-Hurwitz formula:
It is known [5] that generalized Fermat curves, have the orbifold uniformization H/Γ in terms of the Fuchsian group
The surface group is given [5] , [15] 
k . We will compute the genus of the generalized Fermat curves by two more different methods in eq. 11 and in section 5.1.2.
Theorem 2. Let R k,s−1 be the fundamental group of the generalized Fermat curve of type (k, s − 1). It is a free group generated by the elements
where
In particular, in our pro-ℓ setting we are interested in generalized Fermat curves of type (ℓ k , s − 1). The pro-ℓ homology of the closed curve is given by
where R k,s−1 is the pro-ℓ completion of the group R ℓ k ,s−1 , R k is the smallest closed subgroup containing all elements x ℓ k i , 0 ≤ i ≤ s and R k,s−1 = F s−1 /R k . Let K be a field containing Z ℓ and the ℓ k -roots of unity. We have the following decomposition:
Fix the number of ramified points s. If K k is the function field of the generalized Fermat curve then
where K urab k is the maximal abelian unramified extension of the function field K k .
We can consider the curve F s which is a Galois cover of the projective line ramified over the set of s-points with Galois group Gal(F s /P 1 ) = Z s−1 ℓ and can be approached as the limit case of the generalized Fermat curves F k,s−1 as shown in the diagram on the right. In this way instead of considering a simple generalized Fermat cover we consider all of them, together.
corresponds to the Z ℓ homology of the curve F s and all the knowledge of the Galois module structure of all Tate modules of the curves F k,s−1 is equivalent to the knowledge of the Galois module stucture of T.
The situation is similar with the pro-ℓ Burau representation, defined in [12] . We also in section 5.1.5 how we can pass from the Z s−1 ℓ -covers corresponding to generalized Fermat curves, to the Z ℓ -case corresponding to the pro-ℓ Burau representation, using the ideas of [13] . Section 3 is an introduction to Ihara's ideas on the study of the absolute Galois groups as a profinite braid [9] , [10] following [11] . In section 4.1 we compute the Alexander module for the generalized Fermat curves, while section 5 is devoted to the Z s−1 ℓ cover of the projective line, seen as a limit of F k,s−1 -curves and the relation to the Tate modules of them. Finally we consider the passage to the Burau representation by comparing the corresponding Crowell sequences, in terms of the viewpoint developed in [13] .
1.1. Geometric Interpretation. We consider a Galois covering π :Ȳ → P 1 of the projective line ramified above the points in S ⊂ P 1 Q , and the corresponding covering of compact Riemann surfaces. We also assume that the genus g ofȲ is ≥ 2. The curve Y 0 =Ȳ − π −1 (S) is a topological covering of X s = P 1 C − S, which can be described in terms of covering theory and corresponds to a subgroup R 0 of π 1 (X s ). We have seen in [12] and we will see in section 2.1 how this group can be computed by using the Schreier lemma. For an application of this method to cyclic covers of the projective line we refer to [12] . In order to pass from the open curve to the corresponding closed Riemann surface we consider the quotient by the group Γ, which is the closure of the subgroup of F s−1 generated by the stabilizers of ramification points, that is
where e 1 , . . . , e s are the ramification indices of the ramification points of π :Ȳ → P 1 . The group R = R 0 /R 0 ∩ Γ corresponds to the closed curveȲ as a quotient of the hyperbolic plane.
This geometric situation can be expressed in terms of the short exact sequence of groups (7) 1
In this article we focus on the study of Fermat and generalized Fermat curves. Namelly, in sections 2.1 and 2.3 we compute the fundamental group of the corresponding curves. We also treat the classical Fermat curves s = 3 since this computation is elementary, while for the generalized Fermat curves s ≥ 3 more advanced tools are needed, namely the usage of Alexander modules and the Crowell exact sequence.
Generalized Fermat Curves
2.1. Fermat Curves. These curves are ramified curves over P 1 − {0, 1, ∞} with deck group Z/nZ × Z/nZ. We have π 1 (P 1 − {0, 1, ∞}, x 0 ) = F 2 = a, b . We will employ the Schreier lemma for describing the fundamental group of the Fermat curve, as explained in [12, sec. 3] . A transversal set T for Z/nZ × Z/nZ in F 2 is given by a i b j , 0 ≤ i, j ≤ n − 1. We also compute:
Consider the generators α, β of the cyclic group Z/nZ × Z/nZ. Let R F be the fundamental group of the Fermat curve, seen as a subgroup of the free group F 2 . Observe that there is a well defined action of α (resp. β) on R F /R ′ F given by conjugation, i.e.
for all x ∈ R F /R ′ F . Notice that this is indeed an action which implies that (
i.e. the actions of α and β commute. We can consider the conjugation action of Z/nZ = α and then we have the following sets of generators, of the free group R F :
We finally arrive at n 2 + 1 generators as predicted by Schreier index formula since
Lemma 4. For any two elements of a group and any positive integer j we have
Fix 0 ≤ i ≤ n − 2. We will prove that the Z-module generated by the elements
is the same with the Z-module generated by the
Indeed by lemma 4. (1) we have the identities (written aditively) for 1 ≤ j ≤ n − 1 and 0 ≤ i ≤ n − 2 we have (8) [
This proves that the elements of the set Σ 1 are transofrmed to the elements of the set Σ 2 in terms of an invertible block matrix where each block is the invertible (n − 1) × (n − 1) matrix with entries in Z:
Therefore Σ 1 and Σ 2 generate the same Z-module.
Notice also that (a n )
The above computation shows that (a n ) β j can be written as a Z-linear combination of elements of Σ 2 (which generate A 2 ) and A 3 . Moreover
We have shown that
Lemma 5. The free Z-module R F /R ′ F can be generated by the n 2 + 1 elements
2.2. Structure as a Z/nZ × Z/nZ-module. We can now consider the homology group as the rank n 2 + 1 free
For a finite group G the coaugmenation ideal J G is defined as the quotient
. More preciselly we have
where I is the ideal of Z[H 0 ] generated by
Proof. This is evident from the Z-basis given in lemma 5. Notice that the elements [a, b] α i β j are subject to the condition given in eq. (8) which implies that for all i
This means that the operator 1 + β + · · · + β n−1 is zero. A similar equation to eq. (8) . We compute that
The result follows.
We will now prove that in R F /R ′ F there are exacty 3n elements which are fixed by an element of Z/nZ × Z/nZ.
The 2n elements are (a n )
The other n-elements are the elements ((ab) n ) α i which are fixed by ab . It is a simple computation to verify that we can write the elements ((ab) n ) α i as follows:
We can see that the trasformation matrix from elements [b j , a] 
It is clear that the elements (a n )
as given in the table below are fixed by the cyclic group mentioned in the third collumn. The elements γ i are the n-elements (b n ) α i fixed by β, the n-elements (a n ) β i fixed by α and the n invariant elements ((ab) n ) α i in the module generated by commutators. In the following table we enumerate the fixed elements γ i :
So far we have computed the open Fermat curve addmitting a presentetation
where g is the genus of the closed Fermat curve which equals to (n − 1)(n − 2)/2. Every ramification point of the Fermat curve is surrounded by a path γ i and there are 3n such paths. We can verify that our computation so far, by computing the genus of the closed Fermat curve. We add the 3n missing points and we observe Figure 1 . Open Fermat curve as cover of the projective line that the rank of R F equals 2g + 3n − 1 so the Schreier index formula implies:
We have that
Proposition 7.
A basis for the Z-module H 1 (X F , Z) consists of the set:
where Γ is the free Z-module generated by γ 1 , . . . , γ 3n . Let K be a field that contains n different n-th roots of 1, then
where χ i,j is the character such that
Proof. The first assertion follows by considering the action modulo the elements which are invariant by an element of G. Indeed, in order to compute the quotient we change the basis of R F /R ′ F by replacing each one of the elements [b, a]
, which belongs to the group γ 1 , . . . , γ 3n and is considered to be zero.
For the second assertion let us write
Kχ i,j
We are looking for the elements which are stabilized by αβ, that is χ i,j (αβ) = ζ i+j = 1. This is the module ⊕ n−1 i=1 Kχ i,n−i , which has n-elements. The desired result follows.
Observe that the above computation agrees with dim
2.2.1. Braid group action. We will now consider the action of the Braid group B 3 on H 1 (X F , Z) of the closed Fermat surface. By the faithful Artin representation we observe that the braid group in three strings is generated by the elements σ 1 , σ 2 , where
Notice that the above two automorphism in the abelianized free group with two generators acts like the matrices
and more generally
We also compute
2.3. The Generalized Fermat Curve.
Application of the Schreier lemma.
Consider the curve X = P 1 − {0, 1, ∞, λ 1 , . . . , λ s−3 } with fundamental group F s−1 = x 1 , . . . , x s−1 and univeral covering spaceX. We compute H 1 (X, Z) = Z s−1 . We have the picture on the right. We will now employ the Schreier lemma in order to compute the free subgroup R k,s−1 ⊂ F s−1 . A transversal set is given by
Case II For ν = s − 1:xī
The generators of the free group R k,s−1 are falling in the following categories:
. We now count the sizes of the above sets.
which gives in total
Elements stabilized.
Observe first that the group generated by x s−1 stabilizes (x k s−1 ) x1,s−2 . In this way we see that all k s−2 elements of A s−1 have non trivial stabilizer. Now we observe that
Observe that x ν stabilizes the k
In total we have sk s−2 fixed elements γ i . Because of the above relations and the following computation
Similarly to the computation of the classical Fermat curves we change to a more suitable basis. This is given by the following sets:
Remark 8. For the homology of the closed curve we have:
Using eq. (4) and the fact that rankH 1 (F k,s−1 , Z) = 2g F k,s−1 it is easy to verify that
In the above formula we have subtracted one from the number of invariant elements
Describing the action in this case is not as straightforward as it was for the case of classical Fermat curve. We will use the theory of Alexader modules instead and postpone this computation to section 4.1.
3. On the representation of Ihara 3.1. Pro-ℓ braid groups. Let ℓ be a prime number and let F s denote the pro-ℓ free group with s free generators. Let S ⊂ P 1 Q be a set consisted of s points, s ≥ 3, on the projective line and suppose that P ∈ Q for all P ∈ S − {∞}. In this way the absolute Galois group corresponds to "pure braids". Ihara in [9] introduced the monodromy representation
Here the group F s−1 = π pro−ℓ 1 (P 1 Q − S) is the pro-ℓétale fundamental group and is known to admit a presentation (12)
Given a set {x i , i ∈ I} in a topological group we will denote by x i , i ∈ I the topological closure of the group generated by the group elements x i , i ∈ I. Ihara was mainly interested for the case S = {0, 1, ∞}, since by Belyi's theorem [2] the branched covers of P 1 − {0, 1, ∞} are exactly the curves defined overQ but the case of s ≥ 3 is also interesting. Using a Möbious transformation we can assume that the set S consists of the elements 0, 1, λ 1 , · · · , λ s−3 , ∞.
The Ihara representation can be explained in terms of Galois theory as follows: Consider the maximal pro-ℓ extension M of Q(t) unramified outside the set S. The Galois group Gal(M /Q(t)) is known to be the pro-ℓ free group F s−1 of rank s − 1. A selection of generators x 1 , . . . , x s−1 corresponds to an isomorphism i : F s−1 → Gal(M /Q(t)), such that i(x ν ) (1 ≤ ν ≤ s) generates the inertia group of some place ξ ν of M extending the place P i ofQ(t), corresponding to the i-th element of the set S.
We have the following exact equence:
Every element ρ ∈ Gal(Q/Q) gives rise to an element ρ * ∈ Gal(M /Q(t)), and to an automorphism x → ρ * xρ −1 ∈P (F s−1 ), wherẽ
ℓ , where ∼ denotes the conjugation equivalence.
Ihara [8, p.52] , proved that the action of σ ∈ Gal(Q/Q) on the topological generators of F s−1 is given by
where N (σ) ∈ Z * ℓ . In this way the outer Galois representation
is defined. By selecting the representatives of elementsP (F s−1 ) we can define the Ihara representation
where ≈ denotes conjugacy by an element of the subgroup of F s generated by the commutator F 3.2. Magnus embedding. We will explain now the Magnus embedding following [11] . This embedding is given by the map
of F s−1 into the "non-commutative" formal power series algebra (x i
The term gr 1 above has its origin on the graded Lie algebra corresponding to a (pro-ℓ) free group, see [9, p. 58] and [14] . Following [11] , [16] we consider the tensor algebras
is the non-commutative polynomial algebra over Z ℓ .
We will denote by T (H) the completion of T (H) with respect to the m-adic topology, where m is the two sided ideal generated by u 1 , . . . , u s−1 and ℓ. This algebra is the algebra of non-commutative formal power series over Z ℓ with variables u 1 , . . . , u s−1 :
] be the complete group algebra of F s−1 over Z ℓ , and let
The correspodence x i → 1 + u i for 1 ≤ i ≤ s − 1 induces an isomorphism of topological Z ℓ -algebras, the pro-ℓ Magnus isomorphism.
] by mapping Θ(t) = 1+u and Θ(t
is mapped isomorphically toT (H) by Θ.
For an multiindex I = (i 1 , . . . , i s−1 ) we set u I = u i1 · · · u is−1 . The coefficient of u I in Θ(α) is called the Magnus coefficient of α and it is denoted by µ(I, α), that is
For certain properties of the Magnus embedding and a fascinating application to ℓ-adic Milnor invariants we refer to [16, 
Every automorphism φ ∈ Aut(F s−1 ) gives rise to a linear automorphism of the free Z ℓ -module H and we will denote it by [φ] ∈ GL(H).
Lemma 10. The elements w i (σ) ∈ F s−1 can be selected uniquely so that
, where χ ℓ is the ℓ-cyclotomic character. We would like for M to be an abelian group (we also choose to write M additively) and we will entirely focus on the case M = R/R ′ , where R < F s−1 (or R < F s−1 ). The group F s−1 (resp. F s−1 ) acts on itself by conjugation. This action can be translated as an T (H) (resp.T (H)) module structure on M , by setting
for w ∈ F s−1 (resp. w ∈ F s−1 ).
, then the induced conjugation action on M satisfies eq.
(15)
ab · m = ba · m, for all a, b ∈T (H)(resp. T (H)) and m ∈ M.
Proof. For a, b ∈ F s−1 and r ∈ R we compute
So a sufficient condition for eq. (15) to hold is [R, (15) holds. Therefore, if the assumption of lemma 11 holds, instead of considering the action of the non-commutative ringT (H) (resp. T (H)) it makes sense to consider the action of the corresponding abelianized ring.
Definition 12.
Consider the commutative Z ℓ -algebra of formal power series
The algebra A is the symmetric algebra of H over Z ℓ , and there is a natural quotient mapT (H) → Sym(H) = A .
Remark 13. As we noticed already the action of σ ∈ Gal(Q/Q) can be described in terms of the cocycles w 1 (σ), . . . , w s−1 (σ). But then we can find elements
Therefore, in order to understand the action of Gal(Q/Q) on M = F s−1 /F ′ s−1 it makes sense to consider the A -module structure of M .
Alexander modules
4.1. Definition and Crowell exact sequence. Consider the short exact sequence in eq. (7) . The group G = F s−1 /Γ admits the presentation:
On the other hand since we assumed that F ′ s−1 ⊂ R 0 , see lemma 11, the group F s−1 /R 0 · Γ is isomorphic to a quotient of the abelian group Z/e 1 Z × · · · × Z/e s−1 Z.
We will use the Crowell Exact sequence [16, sec. 9.2, sec. 9.4],
and A
R0,Γ ψ
is the Alexander module, a free Z ℓ -module
is given by
For a description of the Alexander module in terms of differentials in non-commutative algebras we refer to [13] . Notice that when the group F s−1 /R 0 · Γ is finite then we will write
Proposition 14. The module A
admits the following free resolution as an A R0,Γ -module:
where s is the number of generators of G, given in eq. (18) can be computed as a cokernel of the function Q:
The exponents in the above formula reflect the fact that the group G is generated by s + 1-relations over s-free variables.
Proposition 15. If Γ = {1} in eq. (7) the Crowell exact sequence gives the Blanchfield-Lyndon exact sequence:
Proof. See [16, p.118] for the discrete case and the pro-ℓ case follows similarly. 
is the Alexander module and
Example 16. Assume that in eq. (7) 
Denote the images of the elements
Observe that A
. The map Q in eq. (22) is given by the matrix [16, cor. 9.6] (24)
Lemma 17. For 1 ≤ i ≤ s − 1 the following equation holds
On the other hand the module Σ s Z ℓ [H 0 ] contains all elements invariant under the action of the productx 1 · · ·x s−1 and is a free
Proof. Write
Therefore the multiplication by Σ i gives rise to the tensor product The image of the map Q equals to the space generated by elements     
For different choices of β 1 , . . . , β s ∈ A F ′ s−1 ,R k the first summand forms a free Z ℓ -module of rank s(ℓ k ) s−2 and the second summand is a free Z ℓ -module of rank (ℓ k ) s−1 . Also their intersection is just Z ℓ . Indeed, if for some β 1 , . . . , β s+1 ∈ Z ℓ [H 0 ] we have
then by comparison of the first coordinates we see that β s+1 is invariant under the action ofx 1 . So comparison of second coordinate gives us thatx 1 β s+1 = β s+1 is invariant under the action ofx 2 . By continuing this way we see that β s+1 is invariant under the whole group H 0 , that is β s+1 belongs to the rank one Z ℓ -module generated by Σ 1 Σ 2 · · · Σ s . In this way we see that Lemma 18.
We would like to compute the cokernel of Q as Z ℓ [H 0 ]-module. This computation lies within the theory of integral representation theory. This seems a very difficult problem since a complete set of representatives of the classes of indecomposable modules for groups of the form (Z/ℓ k Z) t seems to be known onlt for t = 1 and k = 1, 2, see [18] . In this article we will not consider the problem in the integral representation setting and instead we will consider the simpler problem of determination of the H 0 -action on the space H 1 (F k,s−1 , K), where K is a field which contains Z ℓ and the ℓ k -roots of unity. We have the following 
where c i1,...,is−1 ∈ N is the multiplicity of the corresponding character. For the
Proof. Consider the decomposition given in lemma 18. The module K[H 0 ] contains once every possible character, therefore
On the other hand the modules Σ i K[H 0 ] for 0 ≤ i ≤ s − 1 are trivially acted on by elementsx i . This means that 
Therefore, the decomposition into characters is given by
Given a character χ i1,...,is−1 we now count the number of times it appears. It appears on the summands Σ j K[H 0 ] for 0 ≤ j ≤ s−1 when i j = 0 and in the summand
Lemma 20. We have
Proof. The rank computation follows since A
Similarly the decomposition in eq. (28) follows by the decomposition of K[H 0 ] into characters.
Proposition 21.
Proof. From the exact sequence given in eq. (19) and the rank computation given in eq. (27) in example 16 we have:
The above abelianization corresponds to the Z ℓ -homology of the generalized Fermat curves of type (k, s − 1). The above rank coincides with genus computation given in eq. (11). Let us write
for some integers C(i 1 , . . . , i s−1 ). By lemma 20 and the short exact sequence given in (19) we have
The first assertion follows by the values of c(i 1 , . . . , i s−1 ) given in eq. (26). and R ℓ k is the the pro-ℓ completion of the group generated by
This group corresponds to the open cyclic cover of order ℓ k of P 1 ramified fully above s-points of the projective line, see [12, lemma 11] . Let R k = Γ be the smallest closed normal subgroup of F s−1 generated by x ℓ k 1 , . . . , x ℓ k s−1 . We have the short exact sequence
, which is an Z ℓ -module of rank ℓ k . On the other hand observe that the Z ℓ -module A
is given by exactly the same cokernel as the module A
So following exactly the same method as in example 16 we conclude that
Also we compute the rank
The module R ℓ k /R ℓ k ∩R k ab corresponds to the Z ℓ -homology of the above curves, corresponding to R ℓ k and its rank is twice the genus of the curve, in accordance with the genus formula given in [12, eq. 21]. 
. . , λ s−3 } and let M be the maximum pro-ℓ extension of K =k(t) unramified outside the set of pointsλ. Consider the function field of the generalized Fermat curves
be the maximal unramified and maximal abelian unramified extensions of K k respectively. Also let K ′ be the maximum abelian unramified extension of K and K ′′ be the maximum abelian unramified extension of K ′ . By covering space theory, the fields K ′ , K ′′ correspond to the groups F 
Indeed, we have
The Galois correspondence is given as follows:
Using standard isomorphism theorems in group theory (see also [13, 
is an abelian group, a free Z ℓ -module of rank 2g, where g is the genus of the generalized Fermat curve, F ℓ k ,s−1 so that
Observe that according to eq. (5) we have
The last genus computation also follows from the following proposition which identifies unramified Z/ℓ k Z-extensions of a curve X with the group of ℓ k -torsion points of the Jacobian J(X). 
We have the short exact sequence
We will use the Crowell Exact sequence [16, chap. 9] (32) 0
The Alexander module for F s−1 /R k was computed on example 16. Notice that A 5.1.3. Representation theory on Generalized Fermat Curves. These are representations on the free Z ℓ -modules
Where G is either the absolute Galois group or the braid group B s−1 or B s .
Let us now combine the two Crowell sequences together.
For an explanation of these two combined sequences in terms of the "cotangent sequence" we refer to [13] .
Lemma 26. The group R k is invariant under the action of Gal(Q/Q).
Proof. For every generator x ℓ k i and σ ∈ Gal(Q/Q) we have
Let a n be a sequence of integers such that a n → N (σ). We have
The later element is in R k since by definition is normal in F s−1 . The limit a n → N (σ) is in R k since this group is by definition closed. The result follows.
It is clear that A
can be considered through the vertical map ω as an A -module and inherits an action of Gal(Q/Q) by ω, by writting α ∈ A 
By lemma 26 this action is well defined. On the other hand an element φ = [
,R k -module, described by the sequence given in eq. (21) and by the matrix Q given in eq. (24) and is naturally acted on by the absolute Galois group. Observe also that the map θ sends the class of [
and this element is annihilated by the elements Σ
We can see this by direct computations or by observing that in A
and the image θ[x i , x j ] has the s + 1 coordinate β s+1 = 0. The above observation generalises the definition of ideal a n in eq. (8) in the article of Ihara, [9] .
Therefore, See [1, sec. 13] for the explicit isomorphism in the case of Fermat curves. The geometric interpretation of this construction is that for fixed s-number of points we can consider all generalized Fermat curves seen as (Z/ℓ k Z) s ramified covers of the projective line, for k ∈ N. In this way we obtain a curve F s , which is a Z s−1 ℓ cover of the projective line. The Burau representation and the pro-ℓ Burau representation can be defined in terms of such an infinite Galois cover, see [12] .
This construction leads to the definition of a subspace T prim ⊂ T which is a free A -module of rank s − 2. Observe that the submodule of a free module is not necessarily a free module and F Remark 28. In [11, sec. 5.3] this cocycle is identified as the Gassner representation and the relation with the classical definition in terms of Fox derivatives see [3, chap. 3] is studied. The Gassner cocycles when restricted to a certain subgroup Gal(Q/Q) [1] ⊂ Gal(Q/Q) give rise to a representation instead of cocycle, see [11] . 5.1.5. From generalized Fermat curves to cyclic covers of P 1 . We will now relate the Crowell sequences for the generalized Fermat curves and cyclic coversȲ ℓ k of the projective line as they were defined in [12] using the results of [13] . This will provide the relation of the Gassner representation to the Burau representation. The analogon of the Burau representation was defined in [11, p.675 ] by reduction of the
As in the case of generalized Fermat curves we can form the limit
